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Abstract. 

In this paper, we construct a new class of charged, rotating solutions of (n + 1)- 
dimensional Einstein-Born-Infeld-dilaton gravity with Liouville-type potentials and 
investigate their properties. These solutions are neither asymptotically flat nor (anti)- 
de Sitter. We find that these solutions can represent black brane, with inner and outer 
event horizons, an extreme black brane or a naked singularity provided the parameters 
of the solutions are chosen suitably. We also compute temperature, entropy, charge, 
electric potential, mass and angular momentum of the black brane solutions, and 
show that these quantities satisfy the first law of thermodynamics. We find that 
the conserved quantities are independent of the Born-Infeld parameter /3, while they 
depend on the dilaton coupling constant a. We also find the total mass of the black 
brane with infinite boundary as a function of the entropy, the angular momenta and 
the charge and perform a stability analysis by computing the heat capacity in the 
canonical ensemble. We find that the system is thermally stable for a < 1 independent 
of the values of the charge and Born-Infeld parameters, while for a > 1 the system 
has an unstable phase. In the latter case, the solutions are stable provided a < amax 
and /3 > /3min, where amax and /3niin depend on the charge and the dimensionality of 
the spacetime. That is the solutions are unstable for highly nonlinear electromagnetic 
field or when the dilaton coupling constant is large. 
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1. Introduction 

While on the gravity side, the Lovelock gravity coupled nonminimally to a scalar dilaton 
field appears in the low energy limit of string theory [I] , the Born-Infeld action coupled 
to a dilaton field, appears in the low energy limit of open superstring theory on the 
electro dynamic side [2]. Although one can consistently truncate such models, the 
presence of the dilaton field cannot be ignored if one consider coupling of the gravity to 
other gauge fields, and therefore one remains with Einstein-Born-Infeld gravity in the 
presence of a dilaton field. Some efforts have been done to construct exact solutions 
of Einstein-dilaton gravity in the presence of linear electromagnetic field. For example, 
exact static dilaton black hole solutions of Einstein-Maxwell-dilaton (EMd) gravity have 
been considered in Refs. [21 HI O El [TJ [8]. Exact rotating black holes solutions with 
curved horizons have been obtained only for some limited values of the coupling constant 
[9|, [To]. Recently, in the absence of dilaton potential, a class of asymptotically flat 
rotating solution in D-dimensional EMd gravity have been constructed by embedding 
the D-dimensional Myers-Perry [11] solutions in {D + 1) dimensions, and performing 
a boost with a subsequent Kaluza Klein reduction [12]. This procedure leads to EMd 
black holes in D dimensions, for particular values of the dilaton coupling constant. For 
general dilaton coupling, the properties of rotating charged dilaton black holes only with 
infinitesimally small charge [13] or small angular momentum have been investigated in 
four [H] and five [15] dimensions . When the horizons are fiat, exact rotating solutions 
of EMd gravity with Liouville-type potential have been constructed in four [161 E] and 
[n + 1) dimensions |18j . 

In this paper, we want to consider the black brane solutions of Einstein-dilaton 
gravity in the presence of nonlinear electromagnetic field. The idea of the nonlinear 
electrodynamics was first introduced in 1934 by Born and Infeld in order to obtain 
a finite value for the self-energy of point-like charges |19]. Although it become less 
popular with the introduction of QED, in recent years, the Born-Infeld action has 
been occurring repeatedly with the development of superstring theory, where the 
dynamics of D-branes is governed by the Born-Infeld action [21 [20] . It has been shown 
that, charged black holes solutions in Einstein-Born-Infeld gravity are less singular in 
comparing with the Reissner-Nordstrom solution. In other word, there is no Reissner- 
Nordstrom-type divergence term Q^/r^ in the metric near the singularity while it exist 
only a Schwarzschild-type term m/r [211 [22] . In the absence of dilaton field, exact 
solutions of Einstein-Born-Infeld black holes with/without cosmological constant have 
been constructed [23l [2ll [25l [26], while the rotating solutions of EBI gravity with fiat 
horizons have been obtained in [27]. In the presence of dilaton, exact solutions of 
the Einstein Born-Infeld dilaton (EBId) gravity are known only in three dimensions 
[28] . Numerical studies of the four- dimensional spherically symmetric solutions of EBId 
gravity have been done in [29] . Some factorized black hole solutions in four- dimensional 
EBId theory have been discovered in [30] • Till now, exact rotating solution of EBId 
gravity for an arbitrary value of coupling constant have not been constructed. In this 
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paper, we first introduce the action of {n + l)-dimensionaI EBId gravity in tfie presence 
of a potential and obtain its field equations. Tlien, we construct tlie (?t, + l)-dimensional 
rotating black brane solution of this theory with cylindrical or toroidal horizons in the 
presence of Liouville-type potential and investigate the effect of dilaton and Born-Infeld 
fields on the stability of the solutions. 

The outline of our paper is as follows. In Sec. [2] we introduce the action of the 
(n + l)-dimensional EBId gravity and obtain the field equations. In Sec. |3l we construct 
the {n + l)-dimensional rotating dilaton black branes with a complete set of rotation 
parameters in the EBId theory and investigate their properties. In Sec. HJ we obtain 
the conserved and thermodynamical quantities of the {n + l)-dimensional black brane 
solutions and show that these quantities satisfy the first law of thermodynamics. We 
also perform a stability analysis and show that the dilaton creates an unstable phase 
for the solutions. We finish our paper with some closing remarks. 



2. General Formalism 



We consider the {n + l)-dimensional action in which gravity is coupled to dilaton and 
Born Infeld fields with an action 

1 , — / _ 4 



IGtt 



f d^-^^x^i 7^ —{V^f-V{^) + L{F,^)\ 

Jm \ n-1 J 



-—I d'^xV^Qih), (1) 
Stt Jqm 

where TZ is the Ricci scalar curvature, $ is the dilaton field, is a potential for $ 

and L{F, $) is 



/ p-8a<S>/{n-l) p2 \ 

L(F, $) = 4/32e^"*/("-i) I ^ " r + 

Here, a is a constant determining the strength of coupling of the scalar and Born-Infeld 
fields, = F^'^Ffj^^, where Ffj^^ = d^A,, — duA^ is the electromagnetic tensor field, 
is the vector potential, and (3 is the Born-Infeld parameter with dimension of mass. In 
the limit (3 oo, $) reduces to the standard Maxwell field coupled to a dilaton 
field 

L(F,$) = -e-^"*/("-i)F2. (3) 

On the other hand, L{F, $) — as /3 — > 0. It is convenient to set 

$) = 4/?2e4"*/("-i)/:(r), (4) 

where 



C{Y) = 1 - Vl+y, (5) 

8acE./(n-l) p2 
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The last term in Eq. ([T]) is the Gibbons-Hawking boundary term which is chosen 
such that the variational principle is well-defined. The manifold M. has metric g^^ 
and covariant derivative V^^. is the trace of the extrinsic curvature G"'' of any 
boundary(ies) dM. of the manifold tM, with induced metric(s) hab- In this paper, we 
consider the action ([T]) with a Liouville type potential, 

V{^) = 2Ae^"*/("-^), (7) 

where A is a constant which may be referred to as the cosmological constant, since in 
the absence of the dilaton field ($ = 0) the action ([T]) reduces to the action of Einstein- 
Born- Infeld gravity with cosmological constant. 

The equations of motion can be obtained by varying the action ([T]) with respect to 
the gravitational field (^^i,, the dilaton field $ and the gauge field which yields the 
following field equations 



+ -i^e^"*/("-i) [2YdYC{Y) - C{Y)] g,,, (8) 
V2$ = -—^^ + 2a/52e^"*/("-i) [2YdYC{Y) - C{Y)] , (9) 

8 (7$ 

d^. (v^e~^"*/("-^)9y£(F)F^'^) = 0. (10) 

In particular, in the case of linear electrodjTiamics with C{Y) = ~Y/2, the system of 
equations fl8l)- f|T0|) reduce to the well-known equations of EMd gravity [7j. 



3. {n + l)-dimensionaI Solutions in EBId Gravity 

Our aim here is to construct the {n + l)-dimensional rotating solutions of the field 
equations fl8l)- f|T0l) with k rotation parameters and investigate their properties. The 
rotation group in {n-\- l)-dimensions is SO{n) and therefore the number of independent 
rotation parameters for a localized object is equal to the number of Casimir operators, 
which is [n/2] = k, where [x] is the integer part of x. The metric of {n + l)-dimensional 
rotating solution with cylindrical or toroidal horizons and k rotation parameters can be 
written as [SU [32] 



ds' 



f{r) Edt - ^a^rf^, + 'j^R\r)J2 {^idt - EPd(j),) 



i=l 



„2 



i=l 
,2 ^2 



i<j 



■^2 



k o 

af 



i=l 



(11) 
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where a^'s are k rotation parameters. The functions /(r) and R{r) should be determined 
and / has the dimension of length which is related to the cosmological constant A for 
the case of Liouville-type potential with constant The angular coordinates are in 
the range < 0j < 27r and dX"^ is the Euclidean metric on the {n — k — l)-dimensional 
submanifold with volume S„_fc_i. 

The modified Maxwell equation ffTOj) can be integrated immediately to give 

g;=;g4a$/(n-l) 



tr 



Y ' /32{riJ)^ 

F^^T = — -^Ftr, (12) 

where g, is an integration constant related to the electric charge of the brane. In order 
to solve the system of equations ([8]) and ([9]) for three unknown functions /(r), R[r) and 
$(r), we make the ansatz 

i?(r) = e2"*/("-i). (13) 

Using (fT3l) . the Born-Infeld fields (fT2i) and the metric ( fTTl) . one can easily show that the 
field equations ([8]) and ([9]) have solution of the form 

= 2(A-2^W + l)!&!:^2(i-,) _ rn 



where 



{n-l){a^-n) ^(n-i)(i-7)-i 

n-l J 

in — l)a , , 6, , , 

^ = ^2^2(n-l){l-7) • 

Here h and m are arbitrary constants and 7 = a^/ (a^ + 1). The integral can be done in 
terms of hypergeometric function and can be written in a compact form as 

_ 2A(a^ + lYh'^'l 2(1-7) _ m _ 4/?^(a^ + l)2fe27^2(l-7) 

^^'^^ ~ (n-l)(a2_n)^ ^(n-l){l-7)-l (^_l)(a2_^) ^ 

•"a^ + n - 2" 



1- 2Fl 



1 — n 



2n-2 



• (17) 



2 2n-2_ 

One may note that as (3 — > 00 these solutions reduce to the (n+ l)-dimensional charged 
rotating dilaton black brane solutions given in [TH] . In the absence of a nontrivial dilaton 
(a = 7 = 0), the above solutions reduce to the asymptotically AdS charged rotating 
black brane solutions of Einstein-Born- Infeld gravity presented in [27j, and in the limit 
/3 ^ 00 and a = 0, these solutions reduce to those of [211 155] . 

Using the fact that 2-^1 («, c, -z) has a convergent series expansion for \z\ < 1, we 
can find the behavior of the metric for large r. This is given by 



2A(a2 + 1)2527 2(a2 + l)25-2(n-2)7g 



2 



/(r) = " + 



{n - l)(a2 -n) {n - l){a^ + n- 2)r2(«~2)(i-7) 
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(18) 



^(n-i){i-7)-i 2/32(n - 1)2(^2 + 3n - 4)r2(2«-3)(i-7) ■ 

The last term in the right hand side of the above expression is the leading Born-Infeld 
correction to the AdS black brane with dilaton field. 

Properties of the solutions 

In order to study the general structure of these solutions, we first look for the curvature 
singularities in the presence of dilaton gravity. It is easy to show that the Kretschmann 
scalar R^yx^^R^"^'^ diverges at r = 0, it is finite for r 7^ and goes to zero as r — >• 00. 
Thus, there is an essential singularity located at r = 0. The spacetime is neither 
asymptotically fiat nor (A)dS. As in the case of rotating black hole solutions of the 
Einstein gravity, the above metric given by ffTTl) and f|T^ has both Killing and event 
horizons. The Killing horizon is a null surface whose null generators are tangent to a 
Killing field. It is easy to see that the Killing vector 

k 

X = dt + Yp,d^^, (19) 

i=l 

is the null generator of the event horizon, where Vti is the ith component of angular 
velocity of the outer horizon which may be obtained by analytic continuation of the 
metric. 

One can obtain the temperature and angular momentum of the event horizon by 
analytic continuation of the metric. Setting t ^ ir and iai yields the Euclidean 

section of ( fTTl) . whose regularity at r = r+ requires that we should identify r ~ r + /3+ 
and 0j ~ 0j + where /3+ and fij's are the inverse Hawking temperature and the 

angular velocities of the outer event horizon. One obtains 



f(r+) (a2 ^ 1)527^1-27 



A - 2/3^(1 - vTT^)) 



47rE: 27r(n - 1)S 

(n - a^)m ^(n-l)(7-l) _ + l)^'^'""^\ 2(2-n)(l-7)-l ^ 

47rS(a2 + l) + 7rS(a2 + ^_2) + 



2F1 



1 n + 

2' 2n-2 



3n + a -4 
2n-2 



, (20) 



a = (21) 

As one can see from Eq. f[T^ . the solution is ill-defined for a = y/n. The cases with 
a > y/n and a < -Jn should be considered separately. In the first case where a > y/n, 
as r goes to infinity the dominant term is the second term, and therefore the spacetime 
has a cosmological horizon for positive values of the mass parameter, despite the sign 
of the cosmological constant A. In the second case where a < -^/n, as r goes to infinity 
the dominant term is the first term, and therefore there exist a cosmological horizon for 
A > 0, while there is no cosmological horizons if A < . It is worth to mention that 
when there exists a cosmological horizon, the solution does not present black hole. This 
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is due to the fact that the metric function /(r) has only one real positive root. In the 
case of (a < ^/n and A < 0) the spacetimes associated with the solution (HM exhibit a 
variety of possible casual structures depending on the values of the metric parameters 
a, j3, m, q, and A. One can obtain the casual structure by finding the roots of /(r) = 0. 
Unfortunately, because of the nature of the exponents in dH]), it is not possible to find 
explicitly the location of horizons for an arbitrary value of a. But, we can obtain some 
information by considering the temperature of the horizons. 

Using the fact that the temperature of the extreme black brane is zero, it is easy 
to show that the condition for having an extreme black hole is that the mass parameter 
is equal to rriext, where mext is given as 



2(1 + a2^2^7[7-(n-2)(l-7)]/(l-7) 



Vext 



A -2/3" 
A (A - 4(3^) 



- n){n — 1 
1- 2F1 



Qcxt 



P'^Vext 



[«(l-7)-7]/[2(n-l)(l-7)] 



X 



1 a —n 
'2' 2r2 - 2 



+ n-2 
2n-2 



'Vcxt 



(22) 



Indeed the metric of Eqs. (fTTl) and (fT4l) has two inner and outer horizons located at r_ 
and r+, provided the mass parameter m is greater than mext, an extreme black hole in 
the case of m = mext, and a naked singularity if m < mext- 



4. The Conserved and Thermodynamics Quantities of the black branes 



In this section we calculate the action and the thermodynamic and conserved quantities 
of the solutions. For asymptotically AdS solutions, the way that one can calculate these 
quantities and obtain finite values for them is through the use of the counterterm method 
inspired by AdS/CFT correspondence [31] . Although, in the presence of a nontrivial 
dilaton field, the spacetime may not behave as either dS (A > 0) or AdS (A < 0), one 
may use the counterterm method for computing the conserved quantities. Since our 
solutions have flat boundary [Rabcd{h) = 0], there exists only one boundary counterterm 



i-ct 



1 

8^ 



— / rf"xV^ 



SM 



[n 



1)V{<I>) 



la' 



— n) 



1/2 



(23) 



One may note that the counterterm has the same form as in the case of asymptotically 
AdS solutions with zero curvature boundary when a goes to zero. Having the total finite 
action I = Iq + ht, one can use the quasilocal definition [35] to construct a divergence 
free stress-energy tensor. For the case of manifolds with zero curvature boundary the 
finite stress-energy tensor is 

(n- 1)\/($)T'/' 



nab 




(q;2 — n) 



(24) 
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The first two terms in Eq. is the variation of the action ([T]) with respect to hab, and 
the last term is the variation of the boundary counterterm with respect to hah- Thus a 
conserved charge 

Q^ = f d^-'S'^eTab, (25) 

can be associated with a spacelike surface B (with normal n"-), provided the boundary 
geometry has an isometry generated by a Killing vector [35]. For boundaries with 
timelike (^ = d/dt) and rotational {q = d/dip) Killing vector fields, one obtains the 
mass and angular momentum as the conserved quantities. Denoting the volume of the 
boundary at constant t and r by Ki-i = (27r)'^S„_fc_i, the mass and angular momentum 
per unit volume Vn-i of the black branes (a < ^/n) can be calculated by use of Eq. 
([25]). We find 

/ (n-a^)H^ + a^-l' 



M = m, (26) 



^^ = I^(fq:^)--«^- (27) 



For Oj = (H = 1), the angular momentum per unit volume vanishes, and therefore 
Oj's are the rotational parameters of the spacetime. Notice that the total mass and 
angular momentum per unit volume are similar to the mass and angular momentum of 
(n + l)-dimensional EMd solutions presented in |18j . 

Next, we calculate the electric charge of the solutions. To determine the electric 
field we should consider the projections of the electromagnetic field tensor on special 
hyper surf aces. The normal to such hypersurfaces is 

u' = ^, u^ = 0, u^ = -^, (28) 

where and V"* are the lapse function and shift vector. Then the electric field is 
j^fi _ gP-Pe~^^ Fp^u" , and the electric charge per unit volume V^_i can be found by 
calculating the flux of the electric field at infinity, yielding 

The electric potential U, measured at infinity with respect to the horizon, is defined by 



U = A,x^ - A^x^l^r^ , (30) 

where x is the null generator of the horizon given by Eq. (fT9|) . One can easily show 
that the vector potential corresponding to the electromagnetic tensor f[T2|) can be 
written as 



g5(3-n)7 



1 n + 

2' 2(n - 1) 



3n + a^-A 
2(n - 1) 



-T] 



X 



— aj5^) (no sum on i), (31) 
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where T 



[n 



3)(1 — 7) + 1. Therefore, the electric potential may be obtained as 



U 



g5(3-n)7 

HTrl 



1 n + 

2' 2{n - I) 



3n + a^-4 
2{n-l) 



(32) 



Black hole entropy typically satisfies the so called area law of the entropy |37|. This 
near universal law applies to almost all kinds of black holes and black branes in Einstein 
gravity [38] • In our case, due to the presence of dilaton field, we calculate the entropy 
through the use of Gibbs-Duhem relation 

S = f3{M - VtiJi - QU) - I (33) 

where / is the finite total action evaluated on the classical solution. Using Eqs. ([T]) and 
fl23|l . the finite total action per unit volume Vn-i can be calculated as 

n — 7n — 4+37 

- 1)A - T 



■^jj(n-l)7^(n-l)(l-7) 

4/"-2 



a2)A 



(«2_n,+4) 

717 — 3^ — n + 2 
l± 7" 

{ofl+n-2) ^ 



where 



A 



T 



m 



4(1 + a2)^ 

527(n-2) 



1 n + a^-2 
2' 



3n + a2-4 
2n-2 



2n-2 

Now using Gibbs-Duhem relation and the thermodynamic and conserved quantities 
calculated before, one obtains 

:5(n-l)7^('^-l)(l-7) 



S 



(34) 



4/"-2 

for the entropy per unit volume Ki-i- This shows that the entropy obeys the area law 
for our case where the horizon curvature is zero. 



5. Thermodynamics of the black branes 

Now, we check the first law of thermodynamics for our solutions in Einstein-Born- Infeld- 
dilaton gravity. In order to do this, we obtain the mass M as a function of extensive 
quantities S, J and Q. Using the expression for the mass, the angular momenta, the 
charge, and the entropy given in Eqs. (l26l) . (|27l) . (1291) . and the fact that /(r+) = 0, 
one can obtain a Smarr-type formula as 

MKJ.Q)=l'"-°^)^ + "'-'l^. (35) 

^ ^ l{n-a^)^Z{Z -I) ^ ' 

where = Jj^ and Z = S"^ is the positive real root of the following equation 

^ 4(a2+„_2)/(n-l)^[(n-2)Q2_2„+3]/(n-l)^j 



P (1 + a2)6"' ^{Z - i)Z("'-i)/(2"-2) 



_g{a^-n)/{n-l) _^ 
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One may then regard the parameters S", J, and Q as a complete set of extensive 
parameters for the mass M(S', J, Q) and define the intensive parameters conjugate to 5, 
J and Q. These quantities are the temperature, the angular velocities, and the electric 
potential. It is a matter of forward calculations to obtain: 

'dM\ fdM\ fdZ\ J 

as 



T 



U 



dS 



dM 



dM 
'dQ 



dZ 



, Sly/ZiZ-1) 
7r(l + Q,2)4(l-"')/(n-l)5Q'g2^{o2_„)/(2n-2) 
(^2 + n - 2)/("-2)("'-l)/("-l)S'{°'+2n-3)/(n-l) 



S,Q 



J,S 



dM 



dM 
'dZ 



dM 
'dZ 



dz_\ 



IJ 



Z -I 



(37) 
(38) 



fdZ_ 



J,S 



a2-n)/(2n-2) 



+ 



7r(l + a2)4(i-«^)/{n-i)5a^Q^( 

(q,2 _^ ^ _ 2)/("-2)(a2-l)/(n-l)5<(a2+„_2)/(n-l) 



(39) 



where JF 



1 

2' 2n-2 



2n-2 



Using Eqs. (|271). (|29l) and (IMl), it 



is easy to show that the intensive quantities calculated by Eqs. (1371) . (!38ll and (l39ll 
coincide with Eqs. f l20|) . fl2Tl) and fl32|) . Thus, these thermodynamics quantities satisfy 
the first law of thermodynamics 



dM = TdS + Yy^idJi + UdQ. 



(40) 



i=l 



Finally, we investigate the stability of charged rotating black brane solutions of 
Born-Infeld-dilaton gravity in the canonical ensemble. In the canonical ensemble, the 
charge and the angular momenta are fixed parameters, and therefore the positivity of the 
heat capacity or {dT/dS)j^Q = {d'^M/dS'^)j^Q is sufficient to ensure the local stability 
of the system. We, first, consider the solutions for a < 1. Numerical calculations show 
that the black brane solutions are stable independent of the values of charge and Born- 
Infeld parameters in any dimensions provided a < 1 . To achieve further understanding 
for q; < 1, we perform the stability analysis for the uncharged case g = 0. We obtain 



/'d^M\ _ {a^ + l)/»-45-(n-3)aV(l+a^)^-("+"^-2)/(l+»^) 

\dS^)j ~ 7rS2 [H2(n + a2_2) + (l-a2)] ^ 

[(S2 - l)(n + 1 - 2a') + - a')] . (41) 

Since > 1, one finds that the above expression is positive provided a < 1. Thus, the 
uncharged solutions are stable for a < 1. Also it is worth to mention that increasing 
the electric charge not only does not change a stable solution to unstable one, but it 
increases the stable phase of the system [33] . Thus, the charged solutions are also stable 
for a < 1. For a > 1, numerical calculations show that the solutions may have an 
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Figure 1. {d^M/dS'^)j^Q versus a ior (3 — 1 and n = 5. q = 0.1 (bold line), q = 0.5 
(continues line), and q = 0.9 (dashed line). 
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Figure 2. {d'^M/dS'^)j^Q versus a for n = 5 and g = 0.7. /3 = 0.5 (bold line), /3 = 1 
(continues line) and f3 — 10 (dashed line). 
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Figure 3. {d'^M/dS^)j^Q versus a for q — 0.5 and f3 — 1. n — 4 (bold line), n — 5 
(continues line), and n = 6 (dashed line). 



unstable phase. In order to investigate the effects of the electric charge g, the dilaton 
coupling constant a, and the BI parameter /? on the unstable phase of the solutions, we 
plot {d'^M/dS'^)j^Q versus q, a and /3. Figures [H [2] and [3] show that the solution is stable 
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Figure 4. {d'^M/dS'^)j^Q versus /3 for n = 4 and a — q = 0.7 (bold line), q = 1 
(continues line) and q ^ 2 (dashed line). 
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Figure 5. {d^M/dS^)j,Q versus (3 for a — \/2 and q = 1. n — A (bold line), n = 5 
(continues line) and n — Q (dashed line). 
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Figure 6. {d^M/dS^)j^Q versus /3 for n = 4 and q = 1.5. a = 1 (bold line), a — \f2 
(continues line) and a \/3 (dashed line). 

only for a < amax, where a^ax depends on n, q and /5. That is the dilaton field makes 
the solution unstable. Figure H] shows that as the nonlinearity of the electromagnetic 
field increases (/3 decreases), the stable phase of the solution decreases. That is the 
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Figure 7. (9^M/9S'^)j,q versus g for a = \/2 and n = 4. /? = 0.5 (bold line), /? = 1 
(continues line) and /? = 10 (dashed line). 
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Figure 8. {d'^M/dS^)j^Q versus q for n = 5 and /? = 1. a — 1 (bold line), a = a/2 
(continues line) and a = \/3 (dashed line). 
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Figure 9. {d'^M/dS^)j_Q versus q for a — \f2 and /3 = 1. n = 4 (bold hne), n = 5 
(continues line) and n = 6 (dashed line). 



nonlinearity of the electromagnetic field makes the solutions more unstable. This fact 
may be seen in Figs. HJ [5] and [6] which show that the solutions are unstable for very highly 
nonlinear field (small value of the Born-Infeld parameter). It is notable to mention that 
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/^min decreases with increasing q or n (see Figs. [Hand ED and it increases with increasing 
a (see Fig. [6]). Also it is worth to mention that as in the case of rotating solutions in 
the presence of linear electromagnetic field, the solutions are unstable for small values 
of electric charge (see Figs. [71 [8] and [9]) . 

6. Closing Remarks 

In this paper, we introduced the (n + l)-dimensional Einstein-Born- Infeld action coupled 
to a dilaton field and obtained the equations of motion by varying this action with respect 
to the gravitational field g^^, the dilaton field $ and the gauge field A^. In particular, 
in the case of the linear electrodynamics with C{Y) = —\Y, the system of equations 
reduce to the well-known equations of EMd gravity [7j. Then, we constructed a new 
class of charged rotating solutions of {n + l)-dimensional Einstein-Born-Infeld-dilaton 
theory with cylindrical or toroidal horizons in the presence of Liouville-type potentials 
and investigated their properties. These solutions are neither asymptotically flat nor 
(anti)-de Sitter. In the particular case (3 — > oo, these solutions reduce to the (n + 1)- 
dimensional charged rotating dilaton black brane solutions constructed in Ref. |18j . 
while in the absence of a nontrivial dilaton (a = 7 = 0), the above solutions reduce to 
the asymptotically AdS charged rotating black brane solutions of Einstein-Born-Infeld 
theory presented in [27]. These solutions which exist only for o? ^ n have only a 
cosmological horizon for («) > n despite the sign of A, and (m) positive values of 
A, despite the magnitude of a, and therefore they do not represent black branes. For 
o? < n, the solutions present black branes with outer and inner horizons if m > niext, an 
extreme black hole if m = niext, and a naked singularity if m < rUext- We also computed 
the action and thermodynamic quantities of the [n + l)-dimensional rotating charged 
black brane such as the temperature, mass, angular momentum, entropy, charge and 
electric potential, and found that they satisfy the first law of thermodynamics. It is 
worth to mention that the conserved quantities computed for when the boundary of 
spacetimes goes to infinity. 

Finally, we performed a stability analysis in the canonical ensemble by considering 
[d^M/dS'^)j^Q for the rotating black brane solutions with infinite boundary in (n -|- 1)- 
dimensional EBId gravity. We found that there is no Hawking-Page phase transition 
in spite of the presence of nonlinear electromagnetic and dilaton fields for a < 1, while 
the solutions have an unstable phase for a > 1. For a > 1, We found that there is 
always an upper limit amax for which {d'^M/dS'^)j^Q is positive, provided a < ctmax- It 
is worth to note that ctmax depend on the Born-Infeld parameter /?, the charge q and the 
dimensionality of spacetime. On the other hand, we found a low limit for Born-Infeld 
parameter Pmin, for which {d'^M/dS^)j^Q is positive provided /? > Pram- It is notable to 
mention that /3min decreases with increasing q or n, and it increases with increasing a. 
Indeed, the solution is unstable for highly nonlinear electromagnetic field. Note that the 
(n + l)-dimensional charged rotating solutions obtained here have fiat horizons. Thus, it 
would be interesting if one can construct charged rotating solutions in (n + 1) dimensions 
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in the presence of dilaton and Born-Infeld fields with curved horizons. 
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